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Introduction
A key challenge in microscopy is spatial resolution, mediating the relation between real features of an object and its observed image. In optical microscopy, a complete set of electromagnetic modes including the evanescent ones is required to reconstruct a perfect image. Evanescent modes, however, decay in the vicinity of the object before being detected in the far-field, giving rise to the diffraction limit [1] . Among various approaches for resolution improvement [2] , the use of nanostructured composites (metamaterials) is beneficial, enabling efficient manipulation of evanescent fields components in order to reconstruct the image of an object with the resolution limited only by a particular realization of the metamaterial, e.g., its inherent material losses [3] . While superlenses [4] do not change the decaying nature of evanescent components, lenses made with materials exhibiting hyperbolic dispersion (hyperlenses) [5, 6] convert them in propagating modes detectable in the far-field. This near-to-far field transformation is enabled by the hyperbolic dispersion of the medium which occurs in uniaxial crystals with different signs of the longitudinal and transverse components of the permittivity tensor [7] . Such dispersion also gives rise to enhanced spontaneous decay rates of nearby emitters [8] [9] [10] . Hyperbolic metamaterials can be based on, e.g., arrays of vertically aligned nanorods [11] or layered metal-dielectric structures [8] . They have already been used to demonstrate improved resolution in linear optical microscopy [12] [13] [14] . These microscopy techniques, however, have not been able to address the demand for the lateral resolution required for optically thick (e.g., biological) sample analysis.
In both conventional and near-field microscopy, significant improvements can be achieved via intensity-dependent interactions [15, 16] . Second-harmonic (SH) microscopy is a powerful tool enabling three-dimensional imaging with relatively high lateral resolution determined by the confinement of the fundamental-frequency light in either confocal or tip-enhanced configurations. It has been used in the visualization of cell membranes and even the whole biological organisms [17] . However, microscopic nonlinear interactions, being naturally inefficient, require high optical powers that could lead to photo-damage of samples, especially biological ones [18] . Moreover, in confocal-type second-harmonic generation (SHG) measurements, the signal is preferentially radiated in the far-field in directions where phasematching conditions are fulfilled. Therefore, the information carried by other SH components, present in the near-field, is not recorded. The amount of information carried out by secondharmonic microscopy can be substantially increased using near-field scattering [19, 20] or properly designed nanostructuring to engineer access to the evanescent (dark) SHG fields. Another example is second-harmonic microscopy with multilayer metal-dielectric stack, which enables to achieve subwavelength resolution due to suppression of the phase-locked SHG in properly configured geometries [21] . Here, we propose an efficient metamaterial antenna operating in the hyperbolic dispersion regime as a novel approach for nonlinear optical microscopy providing access to evanescent, dark SH fields and converting them into propagating SH light (Fig. 1) . We validate the concept numerically considering two complementary configurations. First, a second-harmonic generation from a nanoparticle is considered which directionality is modified by a metamaterial antenna. In the alternative realisation, second-harmonic generation from the metamaterial itself is used to track the position of a nanoparticle without any nonlinear response. A 10 3 -fold enhancement of the second harmonic signal from a spherical nonlinear nanoparticle embedded in the metamaterial antenna has been demonstrated in the first configuration. The far-field SH radiation pattern of the nanoparticle was shown to be extremely sensitive to the position of the nanoparticle within the nanorod meta-antenna. The high sensitivity to the position of the nanoparticle makes the nonlinear optical microscopy presented here a novel promising high-resolution tool with applications in detection, tomography and tracking of nano-objects.
Numerical modelling

Linear optical properties of nanorod metamaterials
A hyperbolic metamaterials considered here is based on an array of metallic nanorods [ Fig.  1(a) ], the fabrication of which has been well established [22, 23] . The homogenisation of such anisotropic metamaterial can be performed within an effective medium theory [24] valid for the nanorod radius less than the skin depth, as confirmed using finite element modelling (FEM). The effective medium theory (EMT) reveals that for frequencies below the effective plasma frequency [25] , which depends on the geometrical parameters of the array and material properties of a metal and a dielectric, the metamaterial has opposite signs of the diagonal components of the effective permittivity tensor for light polarised along the nanorod axes ( 0 mm zz ε < ) and perpendicular to it ( mm xx ε , 0 mm yy ε > ). Under these conditions, the metamaterial exhibits a hyperbolic dispersion [8] . In the context of this work, the metamaterial was designed with gold (Au) nanorods of 25 nm radius, 250 nm length and 100 nm periodicity embedded in a dielectric (e.g., fluid, 2.25
) to have hyperbolic dispersion in the frequency range covering both fundamental and second-harmonic frequencies studied. The corresponding effective permittivity at the fundamental wavelength of 1400 nm are 
Second-harmonic generation modelling
The numerical study of the SH emission was performed using a two-step procedure in the finite element model. In a first step, the field distribution induced by the fundamental wave is simulated to determine the local fields at the nanoparticle surface. Then, a second step uses the fields at the fundamental frequency to determine the nonlinear polarisability of the nanoparticle. This is done within the undepleted pump approximation (weak nonlinearity) and by introducing the surface polarisability phenomenologically. The resulting polarisation is then used as a source for the electromagnetic field at the second-harmonic frequency. In the context of this study, we pay particular attention to the radiation pattern corresponding to the far-field radiation profiles found via an analytical extrapolation of the fields in a domain surrounding the antenna using the Stratton-Chu approach [26] .
Results
Nonlinear second-harmonic generation from the nanoparticle inside the metamaterial nanoantenna
To demonstrate the proposed concept of hyperbolic metamaterial antenna for the extraction of near-field second-harmonic information to the far-field, we have investigated, as a proof of principle, the SHG of a subwavelength spherical particle with second-order nonlinearity. The SH signal is assumed to originate from the nonlinear polarisation [27] 
where χ ⊥⊥⊥ is a nonlinear susceptibility and
is the fundamental electric field component perpendicular to the particle's surface. In a uniform environment, the far-field SHG from centrosymmetric nanoparticles with such nonlinearity possesses mostly dipolar and quadrupolar contributions [28] [29] [30] . However, the far-field signature of the dipolar field is extremely weak due to the symmetry of the nanoparticle, solely originating from retardation effects since the nonretarded contributions from opposite parts of the surface interfere destructively. The quadrupole contribution to SHG, on the other hand, is weak due to its low radiation efficiency. To increase the efficiency of the SH radiation, we propose to embed the nonlinear object in a hyperbolic metamaterial composed of an array of aligned plasmonic nanorods which exhibits hyperbolic dispersion at the second-harmonic frequency (Fig. 1) . A nonlinear spherical particle (5 nm radius) was placed in the centre of 6 × 6 array of gold nanorods forming a 600 × 600 × 250 nm 3 meta-antenna. The fundamental light is a plane-wave with a wavelength of 1400 nm incident on the antenna along the direction of the nanorod main axis (z axis), and with a linear polarisation perpendicular to the rod's axis (x axis). As a result, the fundamental beam is an ordinary wave, corresponding to a positive component of the effective medium permittivity tensor ( 0 mm xx ε > ). The use of the 1400 nm excitation wavelength taken in this example, can be extended to any other wavelengths without loss in the generality of the results as long as the SH frequency is within the hyperbolic dispersion of the metamaterial. For the considered geometry, this corresponds to fundamental wavelengths above approximately 1000 nm. The far-field directivity diagrams of the SHG from the nanoparticle in the hyperbolic antenna reveal patterns both qualitatively and quantitatively differing from those observed in free space (Fig. 2) . In free space, both the retardation-induced dipolar SHG and a quadrupolar far-field signature [ Fig. 2(a) ] result in the same far-field profile as predicted by an analytical theory [28, 29] , confirming the validity of the numerical approach used here. The compounded contributions from both SH contributions to the emission diagramme lead to the deformed 'doughnut-like' shaped far-field profile. Cross-sections of the far-field radiation diagrams in (a-c); the particle positioned at the origin (black), at (25 nm, 0, 0) (red), (50 nm, 0, 0) (blue), (25 nm, 25 nm, 0) (green). Cutting planes are presented above the polar plots. All other parameters are as in Fig. 2 . The inset in (a) shows the considered particle positions, the size of the particle is enlargeg for the visibility and is not to scale.
The introduction of the nanoparticle in the metamaterial antenna drastically changes the magnitude of the SH signal and the directionality of the radiation pattern [ Fig. 2(b) ]. In this environment, the SH field generated by the localised source inside the antenna couples to the modes with high wavevectors supported by the hyperbolic metamaterial antenna [25, 31] . Inside the metamaterial, the SH intensity distribution follows the double-side conical shape expected for a point-like radiation source in a hyperbolic metamaterial [32] with the scattering on the metamaterial boundaries ultimately defining the far-field SH radiation pattern. The opening angle of the SHG polarisation cone, as estimated for an emitter situated in a homogeneous hyperbolic metamaterial, can be evaluated as The overall far-field SHG intensity is also significantly increased when the nanoparticle is placed inside the metamaterial. The corresponding intensity enhancement is more than 1000-fold, due to both the enhancement of the fundamental field in the metamaterial, which provides a factor 100 enhancement in the SHG intensity, and by the enhanced scattering of the near-field SH described above [ Fig. 2(b) ]. As expected, the enhancement at the fundamental and SH frequencies contribute unequally to the overall efficiency, since the SHG depends quadratically on the field amplitude at the fundamental frequency.
Super-resolution with second-harmonic microscopy with nanorod metamaterial
In order to evaluate the spatial resolution of this nonlinear technique, the nanoparticle's position inside the unit cell of the array was varied while monitoring the evolution of the farfield SHG radiation pattern. Clear far-field detectable features of the SHG distribution, sensitive to transverse shifts in the nanoparticle's position as small as 5 nm, can be detected [ Figs. 3(a)-3(c) ]. In particular, the SHG intensity differs by orders of magnitude in specific directions for different positions of the particle within the meta-antenna. Such remarkable sensitivity results from a strong position-dependent near-field interaction between the particle and the structured geometry of the metamaterial at both fundamental and second-harmonic frequencies. Here, the nanostructured environment provides access to evanescent SH fields generated by the object through a position-dependent field enhancement. Furthermore, the SHG signal is particularly intensified when the symmetry between the excitation of nonlinear sources at the opposite sides of the nonlinear nanoparticle is broken, leading to a dramatic increase of the dipole SHG contribution [cf. positions (50 nm, 0, 0) and (25 nm, 25 nm, 0) in Figs. 3(b) and 3(c), respectively]. As a consequence, the nanostructured metamaterial acts as an antenna for the SH signal generated by the embedded nanoparticle, enhancing and redirecting the SHG signal with an efficiency governed by the position of the nanoparticle relative to the nanorods within the hyperbolic metamaterial. Monitoring both the intensity of the SH signal and the SHG radiation pattern allows determining the geometrical arrangement, ultimately leading to the possibility of tracking the nanoparticle trajectory relative to the antenna down to a few nanometres resolution. Fig. 4 . Far-field scattering from the nanoparticle in the meta-antenna at the fundamental 1400 nm wavelength. All other parameters are the same as in Fig. 1 . The scattering pattern is the same within 1% error for all the positions of nanoparticle considered in Fig. 3 .
To compare the SHG-based tracking performance to its linear counterpart, the far-field radiation pattern at the fundamental frequency was analyzed (Fig. 4) . It was found that for all four analyzed particle positions, the linear scattering patterns differ by no more than 1% in the radiated field in any directions, making the linear scattering approach impractical for tracking purposes and underlining the superiority of the SH approach. The difference between linear and SHG sensitivities comes from the fact that in the linear regime the antenna scattering dominates the far-field pattern, and, therefore, the scattering from the nanoparticle, which is essentially insensitive to the position-defined local field enhancement does not play a significant role. The inset shows the considered particle positions, the size of the particle is enlargeg for the visibility and is not to scale.
Nanoparticle-scattered SHG from nanorod metamaterial
We now consider a complementary scenario and study how a nanoparticle without nonlinear response changes the SHG from the metamaterial made of nanorods possessing second-order nonlinear susceptibility. In this case, the surface nonlinearity of individual Au nanorods forming the metamaterial is also considered to be given by Eq. (1). Other nonlinear surface and bulk sources were previously considered for the case of Au nanorods and nanospheres, and it was found that the SH emission is dominated by the orthogonal surface term [33, 34] . A plane wave was incident on a 16 × 16 nanorod array (with same size and optical properties as the metamaterial antenna considered above). To avoid field singularities at the edges of the nanorods, the rod's extremities were rounded, so that they have spherical tips [31] . (The edge effects are much less important in the linear reponse of nanorods and the rounding was not considered in Sections 3.1 and 3.2.) A SHG signal from a metamaterial region of a diameter of 400 nm centred at the unit cell where the nanoparticle is located was considered. This mimics the collection of the SHG signal from a ~λ¤2-wide region in a confocal microscopy configuration. Thus, the signal from 12 neighbouring nanorods was considered. When the nanoparticle is located at the centre of the cell nanoparticle by 3 orders of magnitude compared to the same particle placed in a uniform dielectric, with a strong dependence of the enhancement and radiation pattern on the nanoparticle's position. The enhancement is related to both the local field enhancement in the metamaterial and its ability to convert dark evanescent SH field components generated by the nanoparticle into propagating modes, detectable in the far-field. The observed far-field SH radiation pattern has distinctive directional features which were found to be extremely sensitive to the nanoparticle's position with respect to the antenna, a feature that can be used to track the position of the SH source within the antenna with a nanometre scale resolution.
The complementary phenomenon was also demonstrated for a spherical nanoparticle without nonlinear response placed in a nonlinear metamaterial nanoantenna, leading to a 60% change in the directionally emitted SH. The proposed hyperbolic metaparticle based antennas, can be straightforwardly fabricated [23] and their use can be generalized to study any nanoscale systems and phenomena supporting dark photonic modes. The development of highly nonlinear nanoscale optical components also hold a great potential for future integrated nanoopto-electronic devices where traditional nonlinear crystals cannot be used due to the phasematching conditions.
